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9. The extent of the computable numbers.

No attempt has yet been made to show that the ““ computable’ numbers
include all numbers which would naturally be regarded as computable. All
arguments which can be given are bound to be, - ‘
to intuition, and for this reason rather unsatisiiSarstt BIZZL - YN
The real question at issue is ¢ What are the possibl @SSRS EF=S=0 =
carried out in computing a number?” 2 TWAEEZX ATEAH

The arguments which I shall use are of three kifttis;

(@) A direct appeal to intuition.

(b) A proof of the equivalence of two definitions (in case the new
definition has a greater intuitive appeal).

(c) Giving examples of large classes of numbers which are
computable.

Once it is granted that computable numbers are all “computable ™,
several other propositions of the same character follow. In particular,it
follows that, if there is a general process for determining whether a formula
of the Hilbert function calculus is nrovable. then the determination can he



carried out by a machine.

I. [Type (¢)]. This argument is only an elaboration of the ideas of § 1

Computing is normally done by writing certain symbois on paper. We
may suppose this paperis divided into squares like a child’s arithmetic book.
In elementary arithmetic the two-dimensional character of the paper is
sometimes used. But such a use is always avoidable, and I think that it
will be agreed that the two-dimensional character of JI=RE=AE@ =5 NS
of computation. I assume then that the computatioBE=FSgiEN % 7
one-dimensional paper, ¢.e. on a tape divided into sqU&jz Il eI
suppose that the number of symbols which may be printed is ﬁmte lf we
were to allow an infinity of symbols, then there would be symbols differing
to an arbitrarily small extentf. The effect of this 1est1 iction of the number

of symbols is not very serio ) use sequences of
symbols in the place of sing s FRIEE S 7o 5 X7 TSN

T2 5

T If we regard a symbol as literally printed on a square we may suppose that the square
1B0<e<]1, 0<y<1. The symbol is defined as a set of points in this square, viz. the
set occupied by printer’s ink. If these sets are restricted to be measurable, we can define
the ‘“distance” between two symbols as the cost of transforming one symbol into the
other if the cost of moving unit area of printer’s ink unit distance is unity, and there is an
infinite supply of ink at # = 2. y = 0. With this topology the symbols forin a condition.-
ally compact space.
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17 or 999999999999999 is normally treated as a single symbol. Similarly
in any European language words are treated as single symbols (Chinese,
however, attempts to have an enumerable infinity of symbols). The
differences from our point of view betw j( g REEAY -2 EZ DL
is that the compound symbols, if the T 1) _ﬁﬂ’( i [,E'jlj S 7‘ot L
at one glance. This is in accordance WIUILE A7
a glance whether 9999999999999999 and 999999999999999 are the same.
The behaviour of the computer at any moment is determined by the
symbols whch@ is observing, and his ‘ state of mind "’ at that moment.
We may suppose that there is a bound B to the number of symbols or
squares which the cor n \ Ab moment. If he wishes to
oil)serve more, he mu A=A ] DOIRRE ons. We will also suppose
that the number of st BRRCLTED % I 2 ken into account is finite.
The reasons for this are of the same character as those which restrict the
number of symbols. If we admitted an infinity of states of mind, some of
them will be ¢‘ arbitrarily close "’ and will be confused. Again, the restriction
is not one which seriously affects computatlon since the use of more compli-
cated states of mind can be ¢ s on the tape.
Let us imagine the operat —EllGAETT 2D r to be split I;p
into ““simple operations > w —FRIFELTENSS 18 not easy to
imagine them further divided. E»¥¥Such operation consists of some change

I - - & - et s o -
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SIDE ELEVATION.

D, the Disk,

A, the Axle of the Disk.

C, the Cylinder,

EE, the Axle or the Journals of
the Cylinder.

B the Ball.
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x1 =10 (=)
Xy = X1 *¥Xq 100

X3 = Xz * Xz 10000 —EEAHEMERE LS DL
X, = X3 *x3 100000000 [IB=E/ | TlEA L

: FHERBEENTESD E LT
R EAIICHIB LT BEHMOBREL Tty & LTHEL
HEATZT D (GEEER)

[PS76] V. R. Pratt and L. J. Stockmeyer. On the computational complexity of ordinary differential equations. J.
Comput. Syst. Sci. 12,198-221, 1976.

[S79] A. Schénhage. On the power of random access machines. In Proc. ICALP, 520-529, 1979.
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[BH98] V. Brattka and P. Hertling. Feasible real random access machines. J. Complexity 162, 490-526, 1998.
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g:[0,1] xR* - R

B | e >
h:[0,1] —» R? Lt
MELB S ? h(0) =0, h'(t) = g(t, h(D))

T [K83, K10]
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[K83] K. Ko. On the computational complexity of ordinary differential equations. /nform. Contr. 58, 1983.
[K10] A. Kawamura. Lipschitz continuous ordinary differential equations are polynomial-space complete.
Comput. Complexity 19, 2010.
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Vi v = h(t)

Differential equation:
84(t.y) hy(t) = gu(t. h(f))

] [

2204 (for some polynomial Q)

'
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Description of a PSPACE

=|=|a ~3 = | machine on input u:
poly(ub|| = | 5| 3 = i 2, Hy(T+1) = Gu(T.Hy(T))

A AN A sy
computed by G,

e

QeF(u)
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[MM93] N. T. Maller and B. Moiske. Solving initial value problems in polynomial time. Proc. JAIIO-PANEL
283-293, 1993.
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[PR79] M. B. Pour-El and I. Richards. A computable ordinary differential equation which possesses no
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